Exponentially weighted moving average (EWMA) and double EWMA (DEWMA) control charts were designed under the normality assumption. This study considers various skewed (Gamma) and symmetric non-normal (t) distributions to examine the effect of non-normality on the average run length (ARL) performance of EWMA and DEWMA. ARL performances were investigated and compared using Monte Carlo simulations. Results show that DEWMA charts can be designed to be robust to non-normality, that the ARL performances of EWMA and DEWMA charts were more robust to t distributions and DEWMA was more robust to non-normality for larger values of the smoothing parameter.
Introduction
A popular control chart used to detect small shifts in a process mean is the EWMA (Roberts, 1959) . In an effort to increase the sensitivity of EWMA control charts to detect small shifts and drifts in a process, a double EWMA (DEWMA) control chart was developed by Shamma and Shamma (1992) . Zhang (2002) has conducted extensive studies on DEWMA control charts for the mean.
Like most commonly used control charts, the traditional EWMA and DEWMA control charts for monitoring process means were developed under the assumption of normality. The behavior of the EWMA control chart performance for non-normal distributions has been investigated. Borror, et al. (1999) used the Markov chain method and simulations to study the average run length (ARL) performance of the EWMA control charts for the mean of Saad Saeed Alkahtani is an Assistant Professor of Applied Statistics. Dr. Alkahtani teaches courses in statistics such as SPC, regression, multivariate statistics, experimental design, SAS and SPSS. He also provides consultations in statistics and has published several articles. Email him at: alkahtanisas@yahoo.com. skewed (gamma) and heavy-tailed (t) symmetric non-normal distributions. They concluded that the ARL performance of a well-designed EWMA control chart was robust to violations of the normality assumption.
As a part of an extensive study of the effect of non-normality and auto-correlation on the performance of EWMA control charts, Stoumbos and Reynolds (2000) concluded that some combinations of EWMA control charts for detecting small shifts in a process mean and/or variance can be designed to be robust to the violation of normality assumption. Montgomery (2005) found that an appropriately designed EWMA chart will perform well even for nonnormal data.
Simulation studies on the robustness of an EWMA control chart for process mean monitoring have been conducted by Borror, et al. (1999) and by Koshti and Kalgonda (2011) . In addition, Human, et al. (2011) ran an extensive simulation to study the robustness of an EWMA control chart for individual observations. They investigated the in-control robustness of the designs studied by Borror, et al. (1999) and found that, with some types of non-normal data, caution should be taken not to overuse EWMA charts.
Studies related to the concept of robustness to non-normality of the EWMA control statistic have also been conducted. For example, Lin and Chou (2010) investigated the robustness of EWMA and -EWMA control charts with variable sampling intervals to nonnormality; Shiau and Hsu (2005) studied the robustness of the EWMA control chart to nonnormality for auto-correlated process; and Calzada and Scariano (2003) investigated the robustness of the MaxEWMA control charts to the violation of normality. The robustness to non-normality of DEWMA control charts for detecting shifts in a process mean has not been investigated; thus, this study considers the robustness of DEWMA and compares it to EWMA using Monte Carlo simulations.
Background
If 
where L is the distance between the control limits and the center line (CL) measured in σ units. For large values of i , the control limits
The DEWMA control statistic i Z is defined as: The control limits for the DEWMA control chart are: For both EWMA and DEWMA control charts, the control statistics in (1.1) and (1.4), respectively, are plotted on the control chart and the process is considered to be out of control if the plotted point lies outside the LCL and UCL. Borror, et al. (1999) used various symmetric and skewed non-normal distributions to study the robustness of the EWMA control charts for process mean. They considered the t distributions with different numbers of degrees of freedom (i.e., df = 4, 6, 8, 10, 15, 20, 30, 40, 50) . The mean and the variance of the t Borror, et al. 1999) when the process followed a normal distribution. As shown herein, the robustness study of EWMA charts reproduces Borror's findings and they were considered here for the ease of comparison.
Methodology
All RL calculations were completed based on 10,000 Monte Carlo simulations for each scenario, using SAS® V. 9.2 RANNOR and RANGAM functions. The simulations were conducted as follows:
1. Pseudo random numbers from normal, gamma, and t distributions were generated by SAS® V. 9.2 RANNOR and RANGAM functions. ii. The degree of in-control ARL deterioration for both EWMA and DEWMA was less for t distribution than for gamma distribution.
In general, for gamma and t distributions with larger parameters β α , and df respectively, the in-control ARL values for EWMA were better (larger) than those for DEWMA for small values of λ ( λ < 0.20). Conversely, the in-control ARL values for DEWMA were better (i.e., larger) than those for EWMA for larger values of λ ( λ > 0.40) particularly with gamma distribution. Tables 3 and 4 show the out-of-control ARLs for the EWMA and DEWMA Control Charts for Various Gamma Distributions and shifts in the mean measured in standard deviation units. For small shifts in the process mean (shift = 0.25) and λ > 0.20, the out-ofcontrol ARLs for both EWMA and DEWMA are significantly less than the value that would be obtained if the process was normal; other than Tables 5 and 6 show out-of-control ARL's for the EWMA and DEWMA Control Charts for Various t Distributions and shifts. The ARL performance of EWMA and DEWMA for both t and normal distributions are comparable except for the case that shift = 0.25 and df < 20; that is, the difference between the ALRs of both normal and t distribution is considerable. For the in-control case, the degree of out-of-control ARL deterioration for both EWMA and DEWMA is less for t distribution than for gamma distribution.
Conclusion
The effect of non-normality on the ARL performances for EWMA and DEWMA was investigated using Monte Carlo simulations. SAS® V. 9.2 RANNOR and RANGAM functions were used to generate data from various normal, gamma, and t distributions and to perform the calculations for all scenarios.
Results show that, in general, the incontrol ARL performances of both EWMA and DEWMA control charts were more robust for the t distribution than for gamma. The degree of robustness of the EWMA and DEWMA control charts to non-normality increased for smaller values of smoothing parameter and as the t and gamma distributions approach normality. In addition, for gamma and t distributions, the incontrol ARL values for EWMA were more robust than those for DEWMA for small values of λ ( λ <0.20); however, the in-control ARL values for DEWMA were more robust than those for EWMA for large values of λ ( λ >0.40) specifically with gamma distribution with larger parameters
Similarly to the in-control case, the outof-control ARLs of EWMA and DEWMA were more robust for t distribution than for gamma. However, some details needed to be considered. It was noticed that the out-of-control ARL for EWMA and DEWMA was significantly less for gamma comparing to normal-theory ARL for small shift (shift = 0.25) and large smoothing The following quantities were presented by Gradshteyn and Ryzhik (1979) . 
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